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Abstract:
Most privacy-aware inference methods are developed 
for independent data, whereas financial returns combine 
heavy tails with persistent conditional volatility. 
This paper examines a Gaussian-perturbed GARCH 
M-estimation framework and the finite-sample effect of 
perturbation noise on parameter inference. The idealized 
large-sample analysis uses stationarity, ergodicity, and 
a martingale central limit theorem to characterize the 
sampling and perturbation components. A noise-corrected 
sandwich covariance estimator and Wald statistic are then 
constructed. The simulation implementation uses Gaussian 
QML as the M-estimation center, a projected one-step 
parameter perturbation, and a working calibration Delta 
= 2B with B = 2. Across 500 requested replications per 
design point, the corrected covariance materially improves 
interval coverage and reduces Wald over-rejection, es-
pecially when epsilon is small. The results also reveal 
finite-sample limitations: projection is non-negligible in 
the smallest-sample, strongest-perturbation design, and 
studentized Q-Q plots retain tail departures from normality. 
Because the initial QML estimate and covariance 
ingredients use the raw sample and a complete recursive 
global-sensitivity proof is not provided, the implementation 
is interpreted as privacy-perturbed and DP-motivated rather 
than as an end-to-end differentially private release.

Keywords: Financial time series; GARCH; M-estima-
tion; Gaussian perturbation; Noise-corrected inference.

1. Introduction
Financial returns and volatility records can contain 
commercially or institutionally sensitive information. 
Their analysis is therefore increasingly conducted 

under data-governance constraints that restrict direct 
access to raw observations. Differential privacy (DP) 
provides a formal framework for limiting the effect 
of any single record on a released output. For recur-
sively filtered financial time series, however, translat-
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ing this principle into a valid end-to-end release requires 
particular care because one observation can affect many 
subsequent conditional variances.
For non-private analysis, M-estimation and related proce-
dures provide established tools for heavy-tailed GARCH 
models. Mukherjee derived asymptotic normality for a 
broad class of GARCH M-estimators, while recent rank-
based, M-quantile, and bounded M-estimation studies 
have extended robust volatility inference and forecasting 
[1-4]. In private statistical inference, Avella-Medina de-
veloped privacy-preserving M-estimation and Wald-type 
procedures, Avella-Medina, Bradshaw and Loh studied 
inference through noisy optimization, and Jewson, Gha-
lebikesabi and Holmes proposed a posterior-sampling 
approach based on beta-divergence [5-7]. These pri-
vate-inference results primarily address independent or 
non-recursive settings and therefore do not directly estab-
lish a complete privacy guarantee for GARCH filtering.
Several gaps motivate the analysis. First, the recursive 
GARCH filter complicates sensitivity calibration because 
changing one observation can affect subsequent condition-
al variances. Second, conventional Wald covariance for-
mulas omit the additional variability created by parameter 
perturbation. Third, the finite-sample interaction among 
heavy tails, parameter constraints, sample size, and per-
turbation magnitude is not well documented. The paper 
therefore separates an idealized asymptotic perturbation 
analysis from the operational Gaussian-QML simulation 
used to assess these effects.
This paper makes three contributions. It develops an ide-
alized large-sample representation for privacy-perturbed 
GARCH M-estimation under stationary and ergodic con-
ditions; derives a covariance correction and Wald statistic 
that include the Gaussian perturbation variance; and eval-
uates the resulting finite-sample trade-off through Monte 
Carlo experiments. The simulation evidence is used to 
assess, rather than presume, the quality of the asymptotic 
approximation.
This study addresses three research questions:
(1) How does Gaussian perturbation affect the asymptotic 
representation and finite-sample accuracy of heavy-tailed 
GARCH parameter estimators?
(2) How can the additional perturbation variance be in-
corporated into a Wald procedure to improve Type I error 
control?
(3) How do sample size, perturbation magnitude, heavy 
tails, and parameter projection interact in the finite-sample 
accuracy of the estimator?
The analysis addresses these questions through three relat-
ed contributions.
It extends perturbation-based inference ideas from inde-
pendent-sample settings to a serially dependent volatility 
model at the level of asymptotic representation. Its main 
empirical contribution is to quantify how an explicit 

noise-variance correction changes confidence-interval 
coverage and Wald-test size. A complete end-to-end differ-
ential-privacy proof for the operational recursive GARCH 
procedure is outside the scope of the present paper.

2. Literature Review

2.1 Heavy-Tailed GARCH Estimation and Ro-
bust Inference
ARCH and GARCH models provide the classical founda-
tion for modeling conditional heteroskedasticity in finan-
cial returns [8, 9]. Heavy-tailed innovations complicate 
conventional likelihood-based inference because standard 
asymptotic results may depend on higher-order moments. 
Hall and Yao developed inference for Gaussian QMLE 
under heavy-tailed ARCH/GARCH errors, and Mukher-
jee established asymptotic normality for a broad class of 
GARCH M-estimators [1, 10]. More recent contributions 
use residual ranks, M-quantiles, and bounded M-estima-
tion to improve robustness to heavy tails or outliers [2-4]. 
These studies motivate the M-estimation formulation used 
in the idealized theory and the Gaussian-QML center used 
in the simulation.

2.2 Differential Privacy and Private Statistical 
Inference
Differential privacy was formalized through sensitivi-
ty-calibrated randomization mechanisms [11]. Gaussian 
differential privacy subsequently supplied a hypothe-
sis-testing interpretation and tractable composition frame-
work for Gaussian mechanisms [12]. These results clarify 
how privacy parameters and sensitivity determine injected 
noise, but they do not by themselves yield a global-sensi-
tivity bound for a recursive GARCH estimator.
Recent work has expanded private statistical inference 
beyond basic point estimation. Avella-Medina developed 
robust private parametric tests, while noisy optimization 
has been used to construct private M-estimators and con-
fidence regions [5, 6]. Jewson, Ghalebikesabi and Holmes 
examined private posterior sampling for continuous 
regression models [7]. Kazan et al. proposed a general 
framework for converting hypothesis tests into differen-
tially private procedures, and Cai, Wang and Zhang char-
acterized minimax privacy-accuracy trade-offs for funda-
mental estimation problems [13, 14].
These advances demonstrate that inferential uncertainty 
introduced by privacy mechanisms must be quantified 
explicitly. Nevertheless, most available theories are for-
mulated for independent samples, standard optimization 
objectives, or non-recursive models. A changed return in 
a GARCH filter can propagate through future conditional 
variances, so bounding a single contemporaneous score 
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is insufficient to certify the sensitivity of the complete re-
leased procedure.

2.3 Differential Privacy for Time-Series Data
Research linking privacy, robustness, and time-series 
analysis remains comparatively limited. Dwork and Lei 
established a foundational connection between differen-
tial privacy and robust statistics [15]. Mao et al. reviewed 
differential-privacy methods for time-series data and 
later proposed a utility-aware temporal local-DP release 
mechanism for anomalous time-series observations [16, 
17]. These contributions address important sequential and 
release problems, but they do not provide an end-to-end 
sensitivity proof or a noise-corrected Wald theory for a 
recursively filtered heavy-tailed GARCH estimator.

2.4 Research Gap and Study Positioning
The literature therefore identifies a specific methodologi-
cal gap. Robust GARCH inference is well developed, and 
private estimation and testing have advanced rapidly [1-7, 
10, 12-14]. Time-series privacy research has also devel-
oped specialized release mechanisms [16, 17]. However, 
the joint effect of heavy tails, recursive filtering, param-
eter perturbation, projection, and covariance correction 
has not been systematically evaluated within one GARCH 
simulation framework.
Accordingly, the paper separates two objects: an ideal-
ized bounded-score estimating equation used to derive 
a transparent asymptotic perturbation benchmark, and 
an operational projected QML simulation used to assess 
finite-sample inference. This separation prevents the sta-
tistical noise experiment from being misinterpreted as a 
proved end-to-end private release.
The analysis evaluates the following statistical hypothe-
ses:
(1) Under the stated idealized bounded-score and con-
traction assumptions, a privacy-perturbed GARCH M-es-
timator remains consistent and has an asymptotic linear 
representation;
(2) In finite samples, a Wald procedure that ignores the 
Gaussian perturbation variance over-rejects the true null, 
particularly under stronger perturbation;
(3) Adding the perturbation-variance component to the 
covariance estimator materially improves coverage and 
Wald-test size, although parameter projection and heavy-
tailed finite-sample effects may prevent exact nominal 
performance.

3. Theoretical Basis and Simulation 
Design

3.1 Model Foundations and Analytical Scope
The study distinguishes a formal privacy benchmark from 
an operational perturbation experiment. In the idealized 
benchmark, a bounded estimating equation is perturbed 
by Gaussian noise whose scale would be valid only if a 
global-sensitivity bound for the complete recursive pro-
cedure were established. The simulation instead applies a 
projected one-step Gaussian perturbation to a non-private 
QML estimate. It is designed to evaluate noise-augmented 
inference and is not represented as an end-to-end DP algo-
rithm.
The financial model is a GARCH process, which captures 
volatility clustering through a recursive conditional-vari-
ance equation. Heavy-tailed Student-t innovations are 
used in the simulation to examine finite-sample behavior 
beyond a Gaussian return model. The statistical analysis 
focuses on parameter bias, dispersion, interval coverage, 
Wald-test size, and the effect of the perturbation-variance 
correction; it does not estimate Value-at-Risk or Expected 
Shortfall.
(1)
The first relation separates the observed return from its 
conditional volatility, while the second makes current 
volatility depend on the previous squared return and con-
ditional variance. The coefficients used in the simulation 
are positive and their persistence sum is 0.95, below one. 
Standardized Student-t innovations with six degrees of 
freedom preserve unit innovation variance while produc-
ing heavier tails than a Gaussian specification.

3.2 Monte Carlo Design and Data Generation
The Monte Carlo design varies sample size (T = 500, 
1000, and 2000) and perturbation budget (epsilon = 0.5, 
1, and 5) under a fixed heavy-tailed GARCH (1,1) da-
ta-generating process. Each design point requests 500 
independent replications. This factorial design permits 
direct assessment of how sampling variation, perturbation 
magnitude, and feasibility projection interact.
A burn-in of 500 observations is discarded before each 
retained sample, reducing dependence on arbitrary initial 
values. The three sample sizes show how sampling un-
certainty changes with information volume, whereas the 
three perturbation budgets provide strong, intermediate, 
and weak perturbation settings. Holding the data-generat-
ing parameters fixed across the design isolates these two 
effects.
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3.3 Perturbation Procedure and Evaluation 
Criteria
(2)
The operational procedure first obtains the Gaussian-QML 
center and local Hessian, then applies the one-step Gauss-
ian perturbation shown above and projects the result onto 
the admissible parameter set. Consistent with the simu-
lation specification in Section 5, its working calibration 
uses δ = 10⁻⁵, B = 2, Δ = 2B, and the stated perturbation 
budgets. Here B is a working simulation calibration rather 
than a proved global-sensitivity bound for the complete 
recursive QML procedure. Projection enforces the model's 
feasibility restrictions.
Estimation accuracy is summarized by bias, empirical 
standard deviation, and root mean squared error (RMSE). 
Inferential performance is assessed through ordinary and 
noise-corrected 95% coverage and through the rejection 
rate of a Wald test under a true null hypothesis. Projec-
tion rates and valid-replication counts are also reported 
because numerical failures and boundary projection can 
affect finite-sample conclusions. Section 4 presents the 
idealized asymptotic analysis, and Section 5 reports the 
operational simulation evidence.
(3)
(4)
Here R denotes the number of valid replications, the 
subscript k indexes a model parameter, the superscript r 
indexes a replication, and the overbar denotes the mean 
estimate across valid replications. Corrected coverage is 
computed from the same indicator expression using the 
noise-corrected confidence interval. Wald rejection rates, 
projection rates, and valid-replication counts complement 
these measures and are defined consistently across all de-
sign points.

4. Asymptotic Theory for Privacy-Per-
turbed GARCH M-Estimation

4.1 Model Setup and Idealized Noise Calibra-
tion
This paper studies a strictly stationary GARCH process :
(5)
where the innovations  are i.i.d. with mean zero and unit 
variance, and may exhibit heavy tails—finite fourth mo-
ments are not required. The true parameter vector lies in a 
compact set  with .
Within the non-private framework, a robust M-estima-
tion framework is adopted. Let be a suitably smooth loss 
function, and denote its gradient by . The gradient satisfies 
the moment condition . The classical M‑estimator  is then 
defined as the solution to
(6)

For the idealized asymptotic analysis, Gaussian noise is 
added to a bounded estimating equation. Temporal de-
pendence matters because a changed observation may 
propagate through the conditional-variance recursion. 
Accordingly, any formal DP interpretation requires a glob-
al-sensitivity bound for the complete released procedure, 
not merely a bound on one observed score contribution.
Let  and  denote two neighboring datasets differing only at 
time index . Exploiting the strict stationarity and contrac-
tion properties of the GARCH process (e.g.,  or a more 
general contraction condition), the impact of a past shock 
on both the conditional variance and the gradient decays 
exponentially. Under the stated uniform boundedness and 
contraction conditions, suppose that a constant  indepen-
dent of sample size , satisfies the inequality for any ,
(7)
Under additional uniform boundedness and contraction 
conditions, a representative propagation bound has the 
form 2M/(1-rho), where rho is a contraction factor. This 
expression is an idealized analytic benchmark. It is not 
identified with the working Delta = 2B calibration used in 
Section 5, and the paper does not claim that the operation-
al QML implementation establishes the global sensitivity 
of the complete recursive GARCH release.
Given a valid sensitivity bound Delta for an idealized 
bounded estimating equation, a Gaussian perturbation 
can be calibrated in the usual way. The following display 
records that benchmark mechanism; its privacy interpreta-
tion is conditional on the assumed bound.
(8)
Draw a noise vector  independent of the data.
Definition 1 (Idealized Privacy-Perturbed GARCH M-Es-
timator). The estimator is defined by the perturbed esti-
mating equation
(9)
If the perturbed solution is infeasible, it is projected onto 
the parameter space; it is never replaced by the non-pri-
vate estimate. Section 5 uses a related one-step projected 
QML perturbation. That operational implementation is 
designed to study noise-augmented inference and is not 
asserted to inherit an end-to-end DP guarantee from this 
idealized equation.

4.2 Large‑Sample Theory
This section derives large-sample properties for the ideal-
ized privacy-perturbed GARCH M-estimator. Consistency 
is established first, followed by asymptotic normality.
4.2.1 Consistency (Theorem 1)

The analysis relies on the following set of regularity as-
sumptions.
• (A1) The GARCH process  is strictly stationary and 
ergodic; the true parameter  lies in the interior of the com-
pact set .
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• (A2) The loss function  is continuously differentiable in , 
and there exists a constant  such that  almost surely for all 
.
• (A3) Identification:  has a unique zero at  and is continu-
ous on .
• (A4) The perturbation scale is fixed with respect to T, so 
the additive noise is Op(1) before division by T.
Theorem 1 (Consistency of the idealized perturbed esti-
mator). Under conditions (A1)-(A4), as T increases, the 
perturbation divided by T vanishes and the estimator con-
verges in probability to the identified parameter.
(10)
Proof sketch:
Starting from the perturbed estimating equation (9),
(11)
By (A4),  has variance , so . Define . Under (A1)–(A2), 
ergodicity together with a uniform law of large numbers 
guarantees that  converges uniformly in probability to  on 
. Combined with the identification condition (A3) and the 
standard M‑estimation argument (cf. Avella‑Medina, proof 
of Theorem 1), the resulting estimator  must converge in 
probability to the unique zero  [5].
4.2.2 Asymptotic Normality (Theorem 2)

Building on consistency, this subsection derives the as-
ymptotic distribution of the idealized perturbed estimator. 
In addition to (A1) - (A4), the score process must satisfy a 
structural condition.
• (A5) (Martingale difference and moment condition) The 
gradient sequence  forms a martingale difference array 
with respect to the natural filtration ); i.e. ) for all . There 
exists  such that . The matrix  is non‑singular, and
(12)
Remark. Gaussian QML scores for correctly specified 
GARCH models form martingale differences under stan-
dard conditions. For other M-scores, the martingale-dif-
ference and centering requirements must be verified rather 
than assumed. The finite-sample projection used in Sec-
tion 5 can also modify the tails of the operational estima-
tor's distribution.
Theorem 2 (Asymptotic normality) Under conditions 
(A1)–(A5), as ,
(13)
where and . Under stationarity and the martingale‑differ-
ence property, .
Proof sketch:
Consistency of  follows from Theorem 1. A first‑order 
Taylor expansion of the perturbed estimating equation (9) 
around  yields
(14)
where  stands for the second‑order remainder. Combining 
the consistency result, the convergence of the Hessian in 
(A5), and the convergence , the following representation 
can be derived:

(15)
For the normalized score , condition (A5) ensures it is a 
sum of martingale differences. Under the stated moment 
bound , the Lindeberg condition holds, which validates the 
application of martingale central limit theory and delivers 
the convergence
(16)
Slutsky's theorem and the non-singularity of H establish 
the asymptotic normality stated in Theorem 2.

4.3 Perturbation-Noise-Corrected Wald Test
The extra variability induced by Gaussian parameter 
perturbation must be included in finite-sample inference. 
Otherwise, conventional covariance estimates can under-
state uncertainty and produce over-rejection. This section 
derives a noise-corrected Wald statistic for the idealized 
asymptotic representation.
This analysis focuses on linear null hypotheses formulat-
ed as , where the matrix  has full row rank . Starting from 
the asymptotic expansion derived in Equation (15) and 
the definition of the noise injection mechanism, the priva-
cy-perturbed GARCH M estimator can be written as
(17)
The term  has covariance matrix , which is of order  and 
therefore asymptotically negligible relative to the  sam-
pling variance. In finite samples, however, especially 
when the privacy budget  is small (and hence  is large), 
this term can substantially elevate the variability of . A 
naive covariance estimator that ignores the privacy noise, 
namely , systematically underestimates the true covari-
ance, leading to an over‑rejection of the null.
To mitigate this distortion, a privacy‑corrected covariance 
matrix estimator is constructed as
(18)
where , ), and  is given in (8).
Definition (Noise-corrected Wald statistic).
The corrected Wald test statistic for the hypothesis  is
(19)
Theorem 3 (Asymptotic distribution of ).
Under conditions (A1)–(A5) and the null hypothesis ,
(20)
Proof sketch:
As established by Theorem 2,  with . The consistency of  
and , combined with the convergence , implies . It follows 
that  shares identical asymptotic properties with the stan-
dard Wald statistic, and the chi‑squared limiting distribu-
tion is established via the continuous mapping theorem.
Implementation note. In the reported simulation, H_hat 
and J_hat are evaluated from the raw sample at the per-
turbed estimate. The corrected covariance and Wald sta-
tistic therefore quantify statistical uncertainty caused by 
Gaussian perturbation; they are not claimed to be privately 
released outputs. A deployable end-to-end DP procedure 
would require private or sensitivity-bounded construction 
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of every released ingredient.

4.4 Perturbation-Accuracy Trade-off
With a fixed perturbation scale, the added parameter noise 
is of smaller asymptotic order than the sampling term, but 
it can be important at the sample sizes used in practice. 
The following expansion separates the idealized sampling 
and perturbation components.
Starting from the asymptotic expansion (15) employed 
within the proof of Theorem 2,
(21)
where . Under conditions (A1)–(A5) and the additional 
assumption that  is uniformly bounded in a neighbourhood 
of , standard asymptotic reasoning yields . Independence 
between the score term and the Gaussian noise  eliminates 
the cross term in expectation, yielding
(22)
Substituting  from (8) delivers the following bound.
Theorem 4 (MSE Upper Bound). Under conditions (A1)–
(A5) and with uniformly bounded near , there exist posi-
tive constants  independent of  and the privacy parameters 
such that, for all sufficiently large ,
(23)
where  and .
This inequality explicitly separates the sampling varia-
tion  from the privacy‑induced variation . When  is fixed, 
the latter is asymptotically negligible; however, when the 
privacy budget shrinks with the sample size as  , the two 
error components scale as  and , respectively:
•For , the sampling term dominates and the MSE retains 
the parametric rate .
•For , the two terms are of the same order; the MSE re-
mains but the leading constant is elevated by the privacy 
requirement.
•For , the privacy term dominates and the convergence 
rate degrades to .
These rate comparisons are theoretical benchmarks for 
the idealized expansion. Because only three sample sizes 
are used in Section 5, the fitted log-log slopes are reported 
descriptively and are not treated as a formal empirical ver-
ification of the rate bound.

5. Simulation Study

5.1 Experimental Design
The Monte Carlo study evaluates a projected Gauss-
ian-perturbed QML estimator and compares naive infer-

ence, which ignores perturbation variance, with corrected 
inference based on the same perturbed estimates. Each 
design point requests 500 independent replications.
Data-generating process. Returns follow a GARCH (1,1) 
model with omega = 0.05, alpha = 0.10, and beta = 0.85. 
Innovations are standardized Student-t with six degrees 
of freedom, representing moderate heavy tails while re-
taining a finite fourth moment. Sample sizes are T = 500, 
1000, and 2000, with a burn-in of 500 observations.
Perturbation mechanism. Gaussian QML provides the 
center theta_hat and local Hessian H_hat. The operational 
estimate is theta_tilde = projection [theta_hat - H_hat^{-
1} eta/T], where eta is Gaussian with working scale based 
on delta = 10^{-5}, B = 2, and Delta = 2B. The budgets 
epsilon = 0.5, 1, and 5 index stronger to weaker perturba-
tion. B is a working simulation calibration, not a proved 
global sensitivity bound for the complete recursive QML 
procedure. H_hat and J_hat use the raw sample; conse-
quently, the reported implementation is privacy-perturbed/
DP-motivated rather than an end-to-end private release.
Comparators. Two inferential treatments are applied to the 
same perturbed parameter estimate:
• Oracle: the non-perturbed Gaussian QML benchmark;
• Perturbed-naive inference: the projected perturbed es-
timate with a covariance matrix that omits perturbation 
variance;
• Proposed corrected inference: the identical perturbed 
estimate with the additional Gaussian-noise covariance 
term.
Performance metrics. Bias, SD, RMSE, ordinary 95% 
coverage (Cov95), corrected 95% coverage (Cov95c), 
projection rate, and valid replication count are recorded. 
Across the nine design points, 484-499 of 500 requested 
replications are valid; failures arise when the numerical 
Hessian is materially indefinite.
Test evaluation. For H0: alpha + beta = 0.95, the naive 
and noise-corrected Wald rejection rates are calculated at 
the nominal 5% level using the same perturbed estimates.
All simulations are performed in R with fixed seeds; rep-
lication-level results and failure counts are retained for 
auditability.

5.2 Parameter Estimation Results
Table 1 reports the alpha and beta results at T = 1000. The 
Oracle rows are shown separately for each epsilon-specif-
ic simulation batch so that all comparisons use the corre-
sponding Monte Carlo draws.
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Table 1. Bias, RMSE and empirical coverage for alpha and beta at T = 1000 (500 requested replications per 
design point)

Method epsilon
alpha 
Bias

alpha 
RMSE

alpha Cov95
alpha 

Cov95c
beta Bias

beta 
RMSE

beta Cov95 beta Cov95c

Oracle 0.5 0.0018 0.0359 0.8949 - -0.0150 0.0581 0.9212 -
Oracle 1.0 0.0021 0.0337 0.9131 - -0.0169 0.0582 0.9333 -
Oracle 5.0 0.0018 0.0336 0.9038 - -0.0177 0.0655 0.9018 -

Perturbed 0.5 0.0025 0.0599 0.7535 0.9192 -0.0199 0.1293 0.7434 0.9273
Perturbed 1.0 0.0002 0.0396 0.8828 0.9253 -0.0123 0.0776 0.8949 0.9333
Perturbed 5.0 0.0016 0.0335 0.9058 0.9058 -0.0171 0.0640 0.8978 0.8998

At epsilon = 0.5, ordinary coverage for the perturbed es-
timator is 0.754 for alpha and 0.743 for beta; adding the 
perturbation variance raises coverage to 0.919 and 0.927. 
At epsilon = 1, corrected coverage is 0.925 and 0.933. 
When epsilon = 5, the perturbation is small and the cor-

rection changes coverage only marginally. Bias remains 
modest, while RMSE increases as epsilon decreases. At T 
= 1000 the projection rate is 4.44%, 1.62%, and 0.20% for 
epsilon = 0.5, 1, and 5, respectively.

Fig. 1 RMSE of the perturbed estimator across sample sizes and perturbation budgets.
As shown in Fig. 1, the log-log RMSE slopes are descrip-
tive because each regression uses only three sample sizes. 
For alpha the fitted slopes are -0.806, -0.782, and -0.523 
as epsilon increases from 0.5 to 5; for beta they are -0.601, 

-0.525, and -0.510. These estimates are consistent with 
declining estimation error as T increases, but they should 
not be treated as precise estimates of an asymptotic rate.

Fig. 2 Studentized Q-Q plots for alpha and beta at T = 1000 and epsilon = 0.5
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As shown in Fig. 2, the Q-Q plots align reasonably well 
through the central quantiles but show visible tail depar-
tures. The diagnostic KS p-values are 0.009 for alpha and 
0.144 for beta. Thus, the finite-sample normal approxi-
mation is imperfect for alpha in the most private design, 
whereas beta is closer to the reference distribution.

5.3 Privacy‑Corrected Wald Test Results
Table 2 reports Wald rejection rates for H0: alpha + beta = 
0.95. Naive and corrected columns use the same perturbed 
estimates, so the comparison isolates the effect of adding 
the perturbation variance to the covariance matrix.

Table 2. Rejection rates for H0: alpha + beta = 0.95 using the perturbed estimator

T epsilon Wald-Rej-Naive Wald-Rej-Corrected
500 0.5 0.2686 0.1033
500 1.0 0.1732 0.0680
500 5.0 0.1283 0.1161

1000 0.5 0.1616 0.0687
1000 1.0 0.0768 0.0465
1000 5.0 0.0681 0.0661
2000 0.5 0.1242 0.0641
2000 1.0 0.0743 0.0643
2000 5.0 0.0542 0.0522

The naive Wald test over-rejects most strongly when ep-
silon = 0.5: rejection rates are 0.269, 0.162, and 0.124 for 
T = 500, 1000, and 2000. This pattern is consistent with 
standard errors that omit the added perturbation variance.
The corrected rejection rates for epsilon = 0.5 fall to 0.103, 
0.069, and 0.064. Across all nine design points they range 
from 0.046 to 0.116. The correction therefore materially 
improves size, especially for T >= 1000, but it does not 
deliver exact 5% control in every finite-sample setting. 
The largest residual distortions occur at T = 500, where 
the non-private QML benchmark itself has sub-nominal 
coverage under heavy tails and parameter projection is 
more frequent.
Taken together, the coverage and Wald results support 
the direction of the covariance correction: ignoring per-
turbation variance can materially understate uncertainty, 
while the corrected procedure moves inference toward the 
nominal target. The evidence should be interpreted as fi-
nite-sample support with remaining heavy-tail and bound-
ary effects, not as exact verification in every scenario.

6. Conclusion
This study analyzes privacy-perturbed M-estimation for 
heavy-tailed GARCH models and separates an idealized 
asymptotic perturbation theory from the operational 
Gaussian-QML simulation.
The theoretical analysis shows how sampling variation 
and an independent Gaussian perturbation enter an asymp-
totic linear representation under bounded-score, stationar-
ity, contraction, and identification conditions. The simula-
tion uses a working perturbation calibration and parameter 

projection. Because the initial QML estimate and H/J 
matrices use raw data and the complete recursive global 
sensitivity is not established, the operational algorithm is 
not claimed to provide an end-to-end differential-privacy 
guarantee.
The main inferential contribution is a covariance cor-
rection for the added perturbation variance. Across 500 
requested replications per design point, the correction 
substantially improves confidence-interval coverage and 
reduces Wald over-rejection. Improvements are clearest 
under stronger perturbation, although exact nominal be-
havior is not obtained in every small-sample design.
RMSE declines as sample size grows, illustrating the per-
turbation-accuracy trade-off. The Q-Q evidence is approx-
imately linear in the center but retains tail deviations, and 
the fitted RMSE slopes are based on only three sample 
sizes. These diagnostics are therefore descriptive rather 
than formal proofs of normality or convergence rates.
The simulation supports a narrower but practically im-
portant conclusion: conventional inference that ignores 
perturbation noise can be seriously misleading, and ex-
plicitly adding the noise covariance provides a substantial 
correction. It does not establish strict end-to-end privacy 
or uniform finite-sample superiority of the perturbed esti-
mator.
Three limitations remain. First, an end-to-end DP release 
would require a complete global-sensitivity analysis and 
private construction of the initial estimate and covariance 
ingredients. Second, the projection rate reaches 19.4% at 
T = 500 and epsilon = 0.5, so boundary-aware inference 
warrants further study. Third, the analysis is limited to a 
univariate simulated GARCH model; multivariate exten-
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sions and applications to real financial data are left for 
future research.
Code and Data Availability
The R simulation code, design-point summaries, replica-
tion-level outputs, and failure diagnostics used to produce 
the reported tables and figures are available from the 
corresponding author upon reasonable request. The study 
uses simulated data and does not rely on a confidential 
empirical dataset.
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